


Op-Amp Differentiator: frequency 
domain analysis

�𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 − �𝑉𝑉− = 𝐼𝐼𝑍𝑍𝑓𝑓
�𝑉𝑉− − �𝑉𝑉𝑖𝑖𝑖𝑖 = 𝐼𝐼𝑍𝑍𝑖𝑖𝑖𝑖

𝑉𝑉+ = 0
�𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 = �̃�𝐴 𝜔𝜔 �𝑉𝑉+ 𝜔𝜔 − �𝑉𝑉− 𝜔𝜔 = −�̃�𝐴 𝜔𝜔 �𝑉𝑉−

𝑍𝑍𝑓𝑓 = 𝐼𝐼𝑓𝑓 ,𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖 −1

�𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 − �𝑉𝑉− =
�𝑉𝑉− − �𝑉𝑉𝑖𝑖𝑖𝑖 𝑍𝑍𝑓𝑓

𝑍𝑍𝑖𝑖𝑖𝑖
⇒ �𝑉𝑉−

𝑍𝑍𝑓𝑓
𝑍𝑍𝑖𝑖𝑖𝑖

+ 1 = �𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 +
𝑍𝑍𝑓𝑓
𝑍𝑍𝑖𝑖𝑖𝑖

�𝑉𝑉𝑖𝑖𝑖𝑖

�𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 = −
�̃�𝐴 𝜔𝜔 �𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 +

𝑍𝑍𝑓𝑓
𝑍𝑍𝑖𝑖𝑖𝑖

�𝑉𝑉𝑖𝑖𝑖𝑖

𝑍𝑍𝑓𝑓
𝑍𝑍𝑖𝑖𝑖𝑖

+ 1

�𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 =
−
�̃�𝐴 𝜔𝜔 𝑍𝑍𝑓𝑓
𝑍𝑍𝑓𝑓 + 𝑍𝑍𝑖𝑖𝑖𝑖

1 + �̃�𝐴 𝜔𝜔 𝑍𝑍𝑖𝑖𝑖𝑖
𝑍𝑍𝑓𝑓 + 𝑍𝑍𝑖𝑖𝑖𝑖

�𝑉𝑉𝑖𝑖𝑖𝑖 =
−�̃�𝐴 𝜔𝜔 𝑍𝑍𝑓𝑓

𝑍𝑍𝑓𝑓 + (1 + �̃�𝐴 𝜔𝜔 )𝑍𝑍𝑖𝑖𝑖𝑖
�𝑉𝑉𝑖𝑖𝑖𝑖

12

𝑉𝑉𝑖𝑖𝑖𝑖

𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
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Physics 120, Winter 2019, Homework 7 
Due: 2018-02-28, at beginning of lab 

The following problems refer to this differentiator circuit, which I introduced in lecture. 

 

1. Derive the complex expression for the closed loop gain 𝐺𝐺�(𝜔𝜔), assuming �̃�𝐴(𝜔𝜔) = �̃�𝐴 is constant 
and large for all frequencies of interest.  

𝑍𝑍𝑓𝑓 = �
1
𝑅𝑅𝑓𝑓

+ 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓�
−1

=
𝑅𝑅𝑓𝑓

1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓
  

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑖𝑖𝑖𝑖 +
1

𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖
=

1 + 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖
𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖
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𝐺𝐺�(𝜔𝜔) =
𝑉𝑉�𝑜𝑜𝑜𝑜𝑜𝑜
𝑉𝑉�𝑖𝑖𝑖𝑖

=
�−�̃�𝐴(𝜔𝜔)𝑍𝑍𝑓𝑓�

𝑍𝑍𝑓𝑓 + �1 + �̃�𝐴(𝜔𝜔)� 𝑍𝑍𝑖𝑖𝑖𝑖
=

−�̃�𝐴
𝑅𝑅𝑓𝑓

1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓
𝑅𝑅𝑓𝑓

1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓
+ �1 + �̃�𝐴� 1 + 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖

𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖

≈
𝑅𝑅𝑓𝑓𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖

�1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 + 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)
 

 

2. Derive the magnitude of the gain |𝐺𝐺�(𝜔𝜔)| and the phase change of the output vs input wave Δ𝜙𝜙. 
What is the behavior of each as a function of frequency in the high- and low-frequency limit?  
 
Magnitude: 

�𝐺𝐺�(𝜔𝜔)� = �
𝑅𝑅𝑓𝑓𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖

�1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 + 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)
−𝑅𝑅𝑓𝑓𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖

�1 − 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 − 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)

= �
𝜔𝜔2𝑅𝑅𝑓𝑓2𝐶𝐶𝑖𝑖𝑖𝑖2

(1 + 𝜔𝜔2𝜏𝜏𝑓𝑓2)(1 + 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖2 )
 

 Where I’ve defined 𝜏𝜏𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑅𝑅𝑖𝑖𝑖𝑖 and 𝜏𝜏𝑓𝑓 = 𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓. 

Low- and high-frequency limits: 
lim
𝜔𝜔→0

�𝐺𝐺�(𝜔𝜔)� = 𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖 ∝ 𝜔𝜔 

lim
𝜔𝜔→∞

�𝐺𝐺�(𝜔𝜔)� =
𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖

𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖
=

1
𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑖𝑖𝑖𝑖

∝
1
𝜔𝜔

 

 
Phase: 

𝛿𝛿𝜙𝜙 = atan�
𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 �𝐺𝐺�(𝜔𝜔)�

𝑅𝑅𝑅𝑅𝐼𝐼𝑅𝑅 �𝐺𝐺�(𝜔𝜔)�
� 

𝐺𝐺�(𝜔𝜔) =
𝑅𝑅𝑓𝑓𝑖𝑖𝜔𝜔𝐶𝐶𝑖𝑖𝑖𝑖

�1 + 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 + 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)
 
�1 − 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 − 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)
�1 − 𝑖𝑖𝜔𝜔𝐶𝐶𝑓𝑓𝑅𝑅𝑓𝑓�(1 − 𝑖𝑖𝜔𝜔𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖)

 

=
𝑖𝑖𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖(1 − 𝑖𝑖𝜔𝜔𝜏𝜏𝑓𝑓 − 𝑖𝑖𝜔𝜔𝜏𝜏𝑖𝑖𝑖𝑖 − 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑓𝑓)

(1 + 𝜔𝜔2𝜏𝜏𝑓𝑓2)(1 + 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖2 )
=
𝜔𝜔2𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖�𝜏𝜏𝑓𝑓 + 𝜏𝜏𝑖𝑖𝑖𝑖� + 𝑖𝑖𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖�1 − 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑓𝑓�

(1 + 𝜔𝜔2𝜏𝜏𝑓𝑓2)(1 + 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖2 )
 

𝛿𝛿𝜙𝜙 = atan �
𝜔𝜔𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖�1 − 𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑓𝑓�
𝜔𝜔2𝑅𝑅𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖�𝜏𝜏𝑓𝑓 + 𝜏𝜏𝑖𝑖𝑖𝑖�

� = atan (
�1 −𝜔𝜔2𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑓𝑓�
𝜔𝜔(𝜏𝜏𝑓𝑓 + 𝜏𝜏𝑖𝑖𝑖𝑖)

) 

Low- and high-frequency limits: 

lim
𝜔𝜔→0

Δ𝜙𝜙 = atan �
1

𝜔𝜔(𝜏𝜏𝑓𝑓 + 𝜏𝜏𝑖𝑖𝑖𝑖)
� → 0 

lim
𝜔𝜔→∞

Δ𝜙𝜙 = atan �
𝜔𝜔𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑓𝑓
𝜏𝜏𝑖𝑖𝑖𝑖 + 𝜏𝜏𝑓𝑓

� →
𝜋𝜋
2

 

 
3. Make two plots with frequency on the horizontal axis, one for magnitude (log-log plot) and one 

for phase (linear-log plot). Make the plots for 𝑅𝑅𝑖𝑖𝑖𝑖 = 10𝑘𝑘Ω,𝐶𝐶𝑖𝑖𝑖𝑖 = 0.1 𝜇𝜇𝜇𝜇,𝑅𝑅𝑓𝑓 = 100 𝑘𝑘Ω,𝐶𝐶𝑓𝑓 =
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100 𝑝𝑝𝜇𝜇. Identify the frequencies such that 2𝜋𝜋𝜋𝜋𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖 = 1,𝐼𝐼𝑎𝑎𝑎𝑎 2𝜋𝜋𝜋𝜋𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓 = 1, and show them 
on the plot. 
 
  

2𝜋𝜋𝜋𝜋𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖 = 1 ⇒ 𝜋𝜋 = 159 𝐻𝐻𝐻𝐻 
2𝜋𝜋𝜋𝜋𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓 = 1 ⇒ 𝜋𝜋 = 1.59 ⋅ 104 𝐻𝐻𝐻𝐻 
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