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This exam was scored out of 100 points. The average ± stdev was 56.4 ± 17.7 this quarter.
The distribution of scores for the class is shown in Figure 0 below.

Total Score

S
tu

d
en

ts

Figure 0: The grade distribution. The black bar indicates the average.

Problem 1. 34

We have a resistor in series with an inductor and capacitor in parallel, with values R, L and C
respectively. The question concerns the total impedance between either end of this circuit.

Problem 1a. 15

These elements have impedances ZR = R, ZL = iωL and ZC = 1
iωC . 5

So, recalling that elements in series add linearly, and elements in parallel add inversely, 5

Ẑeq(ω) = R+ (L||C) = ZR +

(
1

ZL
+

1

ZC

)−1
= R+

(
1

iωC
+ iωL

)−1
.

(1)

So, after some simplification, 5

Ẑeq(ω) = R+
iωL

1− ω2LC
. (2)
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Problem 1b. 11

First, let’s combine the fraction and divide by R,

Ẑeq(ω)

R
=
R− ω2RLC + iωL

1− ω2LC
. (3)

The magnitude we’re interested in is then given by∣∣∣∣ Ẑeq(ω)

R

∣∣∣∣2 =
1

R2
Ẑ∗eqẐeq =

1

R2

R− ω2RLC + iωL

1− ω2LC

R− ω2RLC − iωL
1− ω2LC

=
ω2 L2

R2 +
(
1− ω2LC

)2
(1− ω2LC)2

.

(4)

Note then that L
R � RC and thus the first term can be dropped, so finally 2∣∣∣∣ Ẑeq(ω)

R

∣∣∣∣2 =

(
1− ω2LC

)2
(1− ω2LC)2

⇒
∣∣∣∣ Ẑeq(ω)

R

∣∣∣∣ =
1− ω2LC

1− ω2LC
. (5)

This is flat at zero dB except for a infinitely positive delta function at ω =
√
LC. 3

Our hand-drawn Bode plot is shown in Figure 1 below. 6
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Figure 1: Bode Plot of
∣∣Ĝ(ω)

∣∣ for Problem 1b.

Problem 1c. 8

The phase is given by 2

φ = arg

(
Im[Ẑeq]

Re[Ẑeq]

)
= arctan

(
Im[Ẑeq]

Re[Ẑeq]

)
. (6)
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As before, since the only imaginary part is controlled by a factor of L
R � RC, we know that

φ ≈ arctan(0) = 0 for all ω 6=
√
LC. However, as ω approaches

√
LC from below, we see that φ

will approach +π
2 . Conversely, as we approach from above, φ will approach −π

2 . 2

So, we can construct a crude Bode plot from this, shown in Figure 2 below. 4
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Figure 2: Bode Plot of φ(ω) for Problem 1c.

Problem 2. 31

We have an ideal op-amp with a negative feedback network; a resistor and inductor in series at the
input, and a resistor and capacitor in parallel as feedback. The question concerns the complex gain
of this circuit.

Problem 2a. 15

We’ll start with our favorite op-amp equation, 1

V out = A (V+ − V−) . (7)

Seeing that V+ = 0 and substituting, 1

V out = −AV−. (8)

Now, we can match currents, 6

V in − 0

R+ iωL
=

0− V out(
1
R + iωC

)−1 , (9)

and solve for the complex gain in the limit that A→∞, 6

Ĝ ≡ V out

V in
= −

(
1
R + iωC

)−1
iωL+R

= − R

(1 + iωRC) (R+ iωL)
. (10)
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Problem 2b. 16

Let’s take the magnitude of Ĝ,

∣∣Ĝ∣∣ =
√
GG∗ =

√
R

(1 + iωRC) (R+ iωL)

R

(1− iωRC) (R− iωL)

=

√
R2

(R2 + ω2L2) (1 + ω2R2C2)
.

(11)

In standard form,

∣∣Ĝ∣∣ =

(
1− L2

R2
ω2

)− 1
2 (

1−R2C2ω2
)− 1

2
. (12)

Given that RC = 10LR ,

∣∣Ĝ∣∣ =

(
1− L2

R2
ω2

)− 1
2 (

1− 100
L2

R2
ω2
)− 1

2
. (13)

There are two poles here, both first order, ω1 = L
R , and ω2 = 10LR . 4

So, putting this on our Bode plot as discussed in the review session, we’ll have -20dB per decade
after the first pole, and they’ll stack to -40dB per decade afterwards. 4

As for the asymptotes, we don’t have a constant in front, so we start at 0dB, and the gain drops
to zero (-∞dB) as ω grows. 4

Finally, our hand-drawn Bode plot is shown in Figure 3 below. 4
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Figure 3: Bode Plot of
∣∣Ĝ(ω)

∣∣ for Problem 2b. The black bars indicate break frequencies.
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Problem 3. 20

We have a diode clamp, with a resistor to prevent shorting the diode.

For our ideal diode, if Vdiode ≥ 0.6V, then the diode is on and fully conductive; otherwise, it does
not conduct at all. 5

So, since Vdiode = Vout, any time Vout ≥ 0.6V, the diode will conduct and Vout will be clamped to
0.6V. As such, our voltages are as shown in Figure 4 below. 15
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Figure 4: Plot of V in and Vout for Problem 3.

Problem 4. 15

We have a constant function, and want to find the Fourier transform.

To take the Fourier transform of f(t) = 1, we apply the formula on the fifth line of the front of the
formula sheet, 5

F (ω) =

∫ ∞
−∞

f(t)e−iωtdt

=

∫ ∞
−∞

1e−iωtdt.

(14)

Using the second-to-last equation on the back fo the formula sheet, 10

δ(x− x0) =
1

2π

∫ ∞
−∞

dye−i(x−x0)y

⇒ F (ω) = 2πδ(ω).

(15)
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